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MATHEMATICAL SCIENCES
PAPER - III
Note : (a) This paper contains FORTY (40) questions, each carrying twenty
(20) marks. The first twenty (20) pertain to mathematics, the
remaining to statistics.
(b) Attempt any tem (10) questions.
() Answer each question in not more than 300 words.

1 When is a subset of R" said to be compact ?

Show that, a subset E of R" is compact if and only if any one of the following
statements holds : ‘

(a) E is closed and bounded.

b) every infinite subset of E, has a limit point, in E.

' ’ 2
2. (a) Examine the convergence of the integral f e dx.

(6)  Suppose that, G is a region in the complex plane and f, :G > €
is analytic for each n >°1. Suppose further that, the sequence {f,}
converges uniformly on G to a function f :G —» C. Show that, f is
analytic on G.

3. State Schwarz’s lemma. Use it to characterize all conformal maps of the
open unit disc D onto itself. Does there exist an analytic function

oo 3) e 3

Justify.

4. State three Sylow theorems for groups. Deduce that, if G is a group of
order pq, where p and ¢ are prime numbers satisfying p > ¢ and
g+ - 1), then G is cyclic. Deduce that, there does not exist a non-abelian
group of order 15.

5. Define a principal ideal domain and a unique fadtorization domain. Show
that, every P.I.D. is a U.F.D. Show also that, the polynomial ring

Rlx, y] in two variables over the field of real numbers is a U.F.D. which
is not a P.1D.

6. Suppose that, G is a simple graph of n vertices and m edges. Show that

. 2 _
G is Hamiltonian if m > L—-—?—lﬂ

Math. Sci.-III ' 5 | , [P.T.0.]




10.

11.

1 .
Show that, the continuous function f(x) = oy 0 < x <1, cannot be a uniform

limit of a sequence of polynomials over (0, 1).

If T is an invertible normal operator on a Hilbert space, show
that : ‘

“T"":"T“" for each n=123, ..

Give an example of an invertible non-normal operator satisfying the norm
condition.

Show that, every second countable normal space is metrizable. Give an
example of a normal space which is not metrizable and a metrizable space
which is not second countable.

Define the Mébius arithmetic function p. If wp, d) denotes the value

of the Moébius function at the g.c.d. of p and d, prove that, for every
prime p

1 ifn=1

Zu(d).p(p,d)= 2 ifn=p%azx1

din
0 otherwise.

Using the method of separation of variables, obtain the solution of

P P2 12
axz ay2 k at ’
in the form
= = --k(l2 + m2) t
z2(x, 3, t) = Z cos Ix cos my e .
=0 m=0

Does the differential equation admit a solution which diverges as
t > o ?

Math. Sci.-IIT 6



12.

13.

14.

15.

16.

Show that if ‘¢’ is cyclic, the quantity

n
D abi-L
i-1

is a constant of motion for a dynamical system. State the conditions under
which it will represent total energy of the system.

The kinetic energy T and potential energy V for a dynamical system have
the expressions

T=i f;:(qi)ql?’v=i Vi (4:).
i=1 i=1

- Show that the Lagrange’s equations separate and the problem can be always

reduced to quadratures.

Starting from the constitutive equations of isotropic linear elastic material,
obtain :

@) the stress-strain relation :

Ty A Ty

(iz)  The Navier’s equation of motion in the absence of body forces,
namely :

0 o%u,
(K+M)?&7+HV2%=P-@}7‘-

i

Here, 2 and p are Lame’s constants, 0 = e and u; are the displacement
components.

Determine the equations of streamlines when a circular cylinder is placed
with its axis orthogonal, in the uniform stream of an incompressible fluid.

Show that a curve is uniquely determined except upto its location and
orientation in space if its curvature and torsion are specified functions
of its arc length parameter.

Math. Sci.-I1I 7 [P.T.O.]




17.

18.

19.

20.

21.

Math. Sci.-ITI _ 8

Let x(¢) and y(t) be twice differentiable functionson 0 <t <1, which extremize
the integral

. 2 2
_ 2, 5,24 () (D
I—E [8xy+5x + By +(dt) +(dt) }dt,,

and which satisfy the conditions x(0) = 0, x(1) = e y(0) =1, y(1) = 0.
Find a complete solution of the resulting system.

Solve the integral equation

¢(x) = cos x + f sin (x - &) ¢(&) dE.

If g(x) € C [a, b] and g(x) € [a, b] for all x € la, b], then show that g(x) . -
has a fixed point in [a, b]. If in addition g'(x) exists on (a, b) and a positive

- constant 2 < 1 exists with |g'(x)| < %k for all x € (@, b), then show that

the ﬁxed' point is unique.

Solve the initial value problem using Laplace transform method :

d2y
........._.+4 = t;
—T f ()

1, n<t<2n
o-|

0, O<t<mandt=>2r

dy
y(o) = 1’ dt

t=0

Consider an l.p.p.

max. z = Txy + bxg

s.t.
xX; + 2x9 < 6
dx, + 3x9 < 12

xl, x2 =20




The optimal solution of the lp.p. is as under :

Cs Xg Bl | X3 X X3 X,

0 3 3 0 54 1 Y

7 %, 3 1 84 0 14
zi-¢ - 0 1/4 0 7/4

Write dual of the given l.p.p. and obtain optimal solution of the dual by -
two different methods.

22, State and prove Borel-Cantelli lemma.

23.  Let {X,} be a sequence of rvs with E(X,) = y,, and V(X,) = o2 <, for
n 2 1, and cov (X, Xj) <0, for all i #j. If

n

2612
1

n2

- 0,

as n —» «, show that WLLN holds, that is, (X, - fi,) —2- 0.
_24. Let (X, Y) have joint density

fx y)= xe DT 4 0,y>0.

Find marginal densities of X and Y and check if they are
independent.

25. Let X; and X, be iid uniform U(0, 1). Find the density of Y = X; X, and
then also find the distribution function of Y.

26. The joint p.d.f. of two r.v.s. X and Y is

x+y ﬁ0<x+y<1
f(x, y)=
0 otherwise.
Evaluate :
1 1
; P{X<=,Y>=
@ ( <32 >4J
- - 1
(ii) P(X < 5)

1 1
PlY<=|X<=1.
(iti) ( < 2 | X < 2)

Math. Sci.-III 9 [P.T.O.]
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217.

28,

. 29,

30.

31.

32.

Explain how the problem of testing of ‘hypothesis is a particular case of
a statistical decision problem. Distinguish between non-randomised and
randomised, decision rules with suitable illustrations.

Define MLR property. Examine MLR property for one parameter
exponential family. Show that the family of N(8, 1) distribution has
MLR property and hence obtain test for Hy : 6 < 0, against
Hl : 0 > 60.

Explain the terms :

@) group of transformations.
(#f) invariant statistic.

(i) maximal invariant statistic.

- Examine for the following statistics to be invariant, maximal invariant

under the location transformation :

Ty .o Xp) = (6 ~ % e, X1 — %)
S (C— %) = 2(x; - ©)°
W(xy ... x,) = C.

Explain the need of variance stabilizing transformation. Give a general
method of obtaining the same. Using it obtain (1 - «) level asymptotic
confidence interval for the mean of Poisson distribution.

Define order statistics. Let X(r), 1 < r £ n be the rth order statistic of
a random sample X,, ...... » X,,, with a common distribution function F. Obtain
expression for '

PXp <t <Xgl, for 1 <r<s<n.

Prove that X(;, and -X{,) are identically distributed, when the distribution
F is symmetric about 0. :

Let X;, X, o X, be a random sample from N, (L_l, 2). Show that
(.&1 - Z) is independently distributed of X. Further, show that :

n

S=Z (’—(i“z)(’—‘j"x)l

i=1

is independently distributed of X.

]

Matbh. Sci.-III 10




35.

Suppose the ideal conditions of the Gauss-Markoff model are satisfied for

the model y = XB + & If one of the regressors is a constant term, in usual
notations show that :

@) Z =0 |
(i)  Total 8.8. = Error S.S. + Regression S.S.
@ii)  {eor (y, &)}2 =R?, where R? = coefficient of determination.

(Correlation here is empirical correlation)

Define ratio estimator. In SRSWOR of size n from N units, show that
the MSE of R} is approximately given by :

Define connected design, treatment connected design, block connected
design.

State a necessary and sufficient condition for a block design (BD) to
be : :

@) treatment connected;
(i)  block connected.

Further show that a treatment connected BD is also block connected and
conversely.

(@) Define a stationary time series. For a stationary auto regressive
process AR(p) obtain Yule-Walker equations.

()  For AR(1) given by :

2
show that Pp = pk, k>0 and V(u) = e

Math. Sci.-III 11 | [P.T.0.]




37. (a) Define :
@) Recurrent state;
(it) Absorbing state; and
(i) Period of a state.

) Classify the states of a Markov chain with transition probability
matrix :

/73 1/3 1/3 0 0

1/4 1/4 1/4 0 1/4

38. Define relative growth of population at time ¢. Stating your assumption
on this function, derive the expression for the logistic curve for the
population growth.

39. For the GI/M/1 : GD/w/w queueing model, derive an expression for expected
number of customers (L,) in the system.

40. Solve the following l.p.p. by dynamic programming approach :
Max. z = 3X; + 5X,

s.t.
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